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w = uv 	
VnOS<A@US|}HJAdHOSKnOJAI^\OS<A0[UJV^L\_OE^AP{aA^VMa
A× A
k#R
(x, y) ⊗ (x′, y′) = (x ⊕ (x′ 	 y), (y 	 x′)⊕ y′)
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(b⊕ c)	 a = (b	 (a	 c))⊕ (c	 a)
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  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a⊕ b = a⊕ c ⇒ b = c
 
#   $ 8 ,     &
(a⊕ b)	 b = a
    
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a v b ⇔ ∃c · b = a ⊕ c
£AIa4OSKn|}HZOS<AdV]}V.|}aq
D
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(div1) : a⊕ b w a
(div2) : 0 v a
(div3) : a⊕ b = 0 ⇒ a = b = 0OS<AZHJAI_PV]a^0Vn<|_`<BHOSKnOJAHOJ<KnOOJ<AQaA@LOSUSKMA@}A@?BA@a4OV]U
⊕
|HOS<AZ}AIKMHOA@}A@?BA@a4Ou;=<|H[USVM[A@UJO*R
|}ag_@VMa.W*La\_OJ|}VMa|OS<g_PV]a^|OJ|}VMa¡ l Y4£Z<KMHQOJ<A
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USAIK]^|}R7j]A@US|{A^(
(int1) : a v b ⇔ a	 b = 0
(int2) : a	 0 = a
(int3) : 0	 a = 0
(int4) : a	 a = 0
(int5) : a	 b v a;=<AEA 4L|j.KMAIa_PA¦kAPO*A@A@aOS<A_@KMa_PAIKnk|}}|O*RVMOS<A!?BVMaV]|}^Kna^OJ<A!|}^AIa4OJ|O*R
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(a⊕ b)	 b = a
|H7A@}®#aV.a6VMUUSAIHJ|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V]LU_IKMHJA (V]a:V]aAHJ|}^A
((a⊕ b)	 b) ⊕ b = (a⊕ b) t b = a⊕ b
H<V.ZH=OJ<KnOQOS<Ad|^A@a4OS|O*R
(a⊕ b)	 b = a
VM}V.ZHUJV]?
_IKna_@A@}}KMk|}|O*RMu_PVMa#j]A@U`HAIR|OJ<|}Hd|}^AIa4OJ|O*R<V]}^H¦OJ<AIa
a ⊕ b = a ⊕ c ⇒ b = (a⊕ b) 	 a =
(a⊕ c)	 a = a
;=<AEVM}V.|}aq
[UJV][\V4H|OJ|}VMa~AIHOSKMk|HJ<AIH¨OJ<AEA 4L|j.KMAIa_PAEk\A@O*¨AIA@aOJ<AE{U`H*O=O*V
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(b⊕ c)	 a = (b	 a)⊕ (c	 (a	 b))
#  $
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(x, y)⊗ [(x′, y′)⊗ (x”, y”)] =
= (x, y)⊗ [x′ ⊕ (x”	 y′), (y′ 	 x”)⊕ y”] =
= (x⊕ [(x′ ⊕ (x”	 y′))	 y], [y 	 (x′ ⊕ (x”	 y′))]⊕ (y′ 	 x”)⊕ y”)
KMa^V]a~OS<A¦VnOS<A@U<KMa^
[(x, y)⊗ (x′, y′)]⊗ (x”, y”) =
= [x⊕ (x′ 	 y), (y 	 x′)⊕ y′]⊗ (x”, y”) =
= (x⊕ (x′ 	 y)⊕ [x”	 ((y 	 x′)⊕ y′)], [((y 	 x′)⊕ y′)	 x”]⊕ y”)
§HJHJV_P|K.OS|j#|O*R7Vn
⊗
|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x⊕ [(x′ ⊕ (x”	 y′))	 y] = x⊕ (x′ 	 y)⊕ [x”	 ((y 	 x′)⊕ y′)]
[((y 	 x′)⊕ y′)	 x”]⊕ y” = y 	 (x′ ⊕ (x”	 y′))]⊕ (y′ 	 x”)⊕ y”
<|}_`<,KMUJA7|}a¢KM_PO
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x⊕ [(y ⊕ (z 	 t))	 u] = x⊕ (y 	 u)⊕ [z 	 ((u	 y)⊕ t)]
CR}APOJOJ|}aq
x = t = 0

u = a

y = b
A@O
z = c
8 &      86    #1  &    !),8  
(b⊕ c)	 a = (b	 a)⊕ (c	 (a	 b))
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x⊕ [(y ⊕ (z 	 t))	 u] =
= x⊕ (y 	 u)⊕ [(z 	 t)	 (u	 y)]
C¨R¡Ôl p]£
= x⊕ (y 	 u)⊕ [z 	 (t⊕ (u	 y)]
;=<AEKMHOZA	4LKM|O*R_@VM?BAIHUSVM? OS<A!|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(a	 b)	 c = a	 (b⊕ c)
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USVM?¬OJ<A
V]}V.|}aq
A 4L|j.KMAIa_PAH
(a	 b)	 c v d ⇔ a	 b v c⊕ d ⇔ a v b⊕ c⊕ d ⇔ a	 (b⊕ c) v d
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(b⊕ c)	 a = (b	 a)⊕ (c	
(a	 b))
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a⊕ b = a⊕ c⇒ b = c
$
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a w b⊕ c ⇔ a w b
Kna^
a	 b w c
§_POJLKM}Rk4R ¡|}a4OIC(£
a w b ⊕ c
|HA	4L|}j.Kn}A@a4OOSV
(b ⊕ c) 	 a = 0
uOS<K.Od|H!OSVHSK(RM¤k4R ¡Ôl p4£uOJV
(b	a)⊕ (c	 (a	 b)) = 0
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b	 a = 0
|OJ<
c	 (a	 b) = 0
4V]U=A@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a w b
|OJ<
a	 b w c
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a w b ⇒ [a = b⊕ c ⇔ c = a	 b]
<|}_`<AIHOSKMk}|}HJ<OJ<A_IKna_@A@}}KMk|}|O*RVnOJ<A!?0V]aVM|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 APOZLHQKMHSHL?BA
a⊕ b = a⊕ c
}APO
d
k\A!OS<|H
j.KMLA]#OJ<AIa
d w b, c
KMa^
b = d	 a = c
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a u b = a	 (a	 b)
 <    ;CR  A@?B?7K ¡ l©lM£0A<K(jMAOS<K.O
a 	 (a	 b) v a, b
  A@O
c v a, b
kAgHV]?BAV.A@U
kVMLa^ VM
a
Kna^
b
 CR?0V]aVnOSVMa#R VndUSAIHJ|^LK.OS|V]a VMaAg<K]H
a 	 b v a 	 c
UJV]? <|_`<«|O
V]}V.ZH¦OS<K.O
(a	 b) ⊕ c v (a	 c) ⊕ c = a t c = a
¡¢HJ|a\_PA
c v a
£;=<A@ak4R_@KMa_PAIKnk|}|O*R
c = (c⊕ (a	 b))	 (a	 b) v a	 (a	 b)


A¦UJA_@Kn}\OJ<KnO=K0_PV]?0?
LOSKnOJ|}jMAEUJAH|^LKnOJA^7}KnOOS|}_@A0¡ÔHAIA  YCIm 9£_PV]aHJ|}HOSH¨Vn¤K0HJAPO
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|OJ<KHOJUSL_OSLUSAVn¨_@VM?B?dLOSK.OS|j]A?BVMaV]|}^
(A,⊕, 0)
VM¨KK.OJOJ|_PA0H*OSUJL_POJLUSA
(A,∨,∧)
Kna^VMK
USAIHJ|^LK.OS|V]aV][\AIUSKnOJ|}VMa
	
KM^.W*VM|}a]O=OSVBOJ<AK]^^|OJ|}VMa|aOJ<AHAIaHAEOS<K.O
a⊕ b ≤ c ⇔ a ≤ c	 a
<A@USA
≤
|}HOS<A!K.OOS|}_@A¦VMU`^A@U!¡|  AM
a ≤ b ⇔ b = a ∨ b
£P C¨RTUJV][\V4H|OJ|}VMa\HE¡ l}C£Kna\^¡ l p]£¨OJ<A
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(RL1) a⊕ (b u c) = (a⊕ b) u (a⊕ c)
(RL2) (a t b)	 c = (a	 c) t (b	 c)
(RL3) a	 (b u c) = (a	 b) t (a	 c)
(RL4) (a	 b)⊕ b w a
(RL5) a	 (a	 b) v b
(RL6) a⊕ (b	 c) w (a⊕ b)	 c
(RL7) (c	 b)⊕ (b	 a) w c	 a
(RL8) c	 b w (c	 a)	 (b	 a)
(RL9) b	 a w (c	 a)	 (c	 b)
(RL10) c	 b w (c⊕ a)	 (b⊕ a)
(RL11) (c	 a)	 b = c	 (a⊕ b) = (c	 b)	 a
K]HZA@}uK]HZOS<Ad?BV]aVnOSVMa#R~[UJV][\AIUO*RKMHSHJA@UJOJ|}aqBOJ<KnO
x ⊕ y
|H|a_@UJAKMHJ|aq! U OIEk\VMOJ<gKMUJq]L?BA@a4OSH
KMa^
x	 y
|H|}a_PUSAIK]H|}aq0! U OI
x
Kna\^~^A_PUSAIK]H|}aq0! U O
y
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¡ l p]£
(b⊕ c)	 a = (b	 a)⊕ (c	 (a	 b))
OS<A[UJV#VMVnd<|_`<V]}V.ZHUSVM? K:HA 4LA@a_@AgVMd|a4OSA@US?0A^|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a w b
&  #  $
a = b⊕ c⇔ a	 b = c
 #   $
a w b⊕ c⇔ a	 b w c
  -
a w c
8   #  $
a	 b = c⇔ a	 c = a u b
 #   $
a	 b w c⇔ a	 c w a u b  
a w b

 
a w c
&  #  $
a = b ⊕ c ⇔ a 	 b = c ⇔ a 	 c = b

  #   $
a w b⊕ c ⇔
a	 b w c⇔ a	 c w b 
a	 b = (a t b)	 b


b = (a t b)	 (a	 b) 
b = (a u b)⊕ (b	 a)


b	 a = b	 (a u b)
 <    C]}¡¢||9£ ( 2 
a w b ⊕ c
OJ<A@a
a 	 b w (c ⊕ b) 	 b = c
 !¨VMa#jMAIUSHJA@}RM}APOL\H!KMHSHL?BA0OJ<\K.O
a	 b w c
\UJV]?
a w b
|OQV]}V.ZHOS<K.O
a = (a 	 b) ⊕ b
KMa^OS<4L\H
a w c ⊕ b
!CM¡|9£=V]}V.ZH=USVM?
C]}¡¢||9£¨OJV]qMA@OJ<AIU|OJ<OS<AKM^(W*La_OS|V]a (
a v b⊕ c⇔ a	 b v cl}¡¢|£P ( 2 
a 	 b = c
OS<A@a
a 	 c = a 	 (a 	 b) = a u b
 !¨VMa#j]A@U`HAIR]A@OdLHK]HJHJL?BABOJ<KnO
a 	 c = a u b
USVM?
a w c
|O¦VM}V.ZHOS<K.O
c = a 	 (a 	 c) = a 	 (a u b) = a 	 b

§_OSLKn}}R
a	 (a u b) =
 k#RF  f 
(a	 a) t (a	 b) =
 k#R|}a4OJY 
0 t (a	 b) =
 k#R^|}jl 
a	 bl}¡¢||9£ ( 2 
a 	 b w c
OJ<A@a
a 	 c w a 	 (a 	 b) = a u b
 !¨VMa#jMAIUSHJA@}RM}APO!LHK]HJHJL?BA0OJ<KnO
a	 c w a u b
#UJV]?
a w c
|OVM}}V.ZHOS<K.O
c = a	 (a	 c) v a	 (a u b) = a	 b

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USVM? CM
Y\(ªVM}}V.ZHUSVM? f¡|9£HJ|a\_PA
a t b = (a	 b)⊕ b

a t b w a w a	 b
KMa^
a t b w b

e(ªVM}}V.ZHUSVM? f¡|9£HJ|a\_PA
a u b = b	 (b	 a), b w a u b
Kna^
b w b	 a

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1. (b⊕ c)	 a = (b	 a)⊕ (c	 (a	 b))
2. c	 (a	 b) = ((b⊕ c)	 a)	 (b	 a)
3. [(b⊕ c)	 a]	 [c	 (a	 b)] = b	 a
 <      APO
α = (b⊕ c)	 a

β = b	 a
KMa^
γ = c	 (a	 b)
 aAE<KMH
α w β
k#R7?BVMaVMOJV]a4R7KMa^
¡Ô^|}jC(£KMa^
α w γ
V]}V.ZHUJV]? ¡¢F  p]£=KMa^~|}^AIa4OJ|O*R¡Ôl e]£(
(b⊕ c)	 a w ((b⊕ c)	 b)	 (a	 b) w c	 (a	 b)
;=<#LH=k#R  A@?B?7Kl}CIm}¡Ôf |£|uVM}}V.ZHOJ<KnO
α = β ⊕ γ ⇔ α	 β = γ ⇔ α	 γ = β

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
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b w c ⇒ a⊕ (b	 c) = (a⊕ b)	 c
c w b ⇒ (a⊕ b)	 c = a	 (c	 b)
 <     2 
b w c
OS<A@a
(b	 c)⊕ c = b
Kna^OJ<#LH
a⊕ (b	 c) = (a⊕ (b	 c)⊕ c)	 c = (a⊕ b)	 c

2 
c w b
OS<A@a
c 	 (c 	 b) = b
Kna^OJ<#LH
a ⊕ b = a ⊕ (c 	 (c 	 b)) = (a ⊕ c) 	 (c 	 b)
LHJ|aq
OS<A![USAI_@AI^|}aq0[\V]|a4OQKna\^kAI_IKnLHJA
c w c	 b
 2 OVM}}V.ZH
(a⊕ b)	 c = ((a⊕ c)	 (c	 b))	 c =
((a⊕ c)	 c)	 (c	 b) = a	 (c	 b)


B¨° 

,x 3-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c	 (a	 b) = ((b⊕ c)	 a)	 (b	 a)
 <    
((b⊕ c)	 a)	 (b	 a) =
= [(b⊕ c)	 ((a u b)⊕ (a	 b))]	 (b	 a)
B¨° 
 
,x 3 3  
= [((b⊕ c)	 (a u b))	 (a	 b)]	 (b	 a)
 B  
= [(c⊕ (b	 (a u b))	 (a	 b)]	 (b	 a)
B¨° 
 
,x 3  3, t/18¤y °
b w a u b
= ((c⊕ (b	 a))	 (a	 b))	 (b	 a)
B¨° 

,x 3- 3  
= ((c⊕ (b	 a))	 (b	 a))	 (a	 b)
 B  
= c	 (a	 b)
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 3 
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a w b⊕ c ⇔ a w b

 
a	 b w c
 <    
a w b⊕ c ⇔
⇔ (b⊕ c)	 a = 0
CR|}a4OIC
⇔ (b	 a)⊕ (c	 (a	 b))
CR~l p
⇔ b	 a = 0
KMa^
c	 (a	 b) = 0
CR^|}j#f
⇔ a w b
Kna^
a	 b w c
CR|}a4OIC
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a v b⇔ a	 b = 0

l f rBµuµ
/¢v/ ´ 8ux , 	 w ´
	° w(v/ ° t ´ v- °  w / 8,0~w , °3 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Pre, Post : P × T ∗ → A
k#R6A@OOJ|}aq
ϕ(p, u) = (Pre(p, u), P ost(p, u))
<A@USA
ϕ(p,−) : T ∗ → A×A
|HOS<ALa|4LA?BVMaV]|}^¦?BVMUS[<|HJ?
HJL_`<7OS<K.OOJ<AQ|}?BKMqMAH
ϕ(p, t) = (Pre(p, t), P ost(p, t))
VnOS<Aq]A@aAIUSKnOJV]USH
t ∈ T
k\AEqM|}jMAIa7k4RBOS<A
\V.«USA@K.OJ|}VMa\H¨VM¤OS<A¦aAPO;=<AIaOS<A¦VM}V.|}aqB<V]}^H(
Pre(p, ε) = Post(p, ε) = 0
Pre(p, uv) = Pre(p, u)⊕ (Pre(p, v) 	 Post(u, p))
Post(p, uv) = (Post(p, u)	 Pre(p, v))⊕ Post(p, v)
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 
∀p ∈ P M(p) w Pre(p, u)

 
M ′(p) = (M(p)	 Pre(p, u))⊕ Post(p, u)
 
∀p ∈ P M ′(p) w Post(p, u)

 
M(p) = (M ′(p)	 Post(p, u))⊕ Pre(p, u) 
∀p ∈ P M(p) w Pre(p, u)  M ′(p) w Post(p, u)

 
M(p) 	 Pre(p, u) = M ′(p) 	
Post(p, u)
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OJ<AVMaA<KMa^
¨A<K(j]AOSVH<V.,OJ<\K.OOJ<A=OJ<USA@AKnkV.jMA_@VMa^|OJ|}VMa\HKnUSAA 4L|j.KMAIa]OMKna\^
V]aOJ<A!VMOJ<AIUZ<Kna\^OS<K.OOS<A@R^V_PV]UJUSAIHJ[VMa^OJVBOJ<AqMAIaA@U`Kn}|IAI^OJU`KnaHJ|OS|V]aUJAI}KnOJ|}VMa
M [u〉M ′

;¤V7H|}?B[}|R¨A!HJ<Kn}K]^VM[O<AIUJA!j]AI_POJVMUS|KnaVnO`K.OS|V]aH=k#RLHJ|aq
OS<A![USV^L_OQKMq]A@kU`K
AP
<|_`<
HSK.OS|}HROS<AHJKM?BA
[USVM[A@UJOJ|}AIHEOS<Kna
A
VMU¦OS<A_PV]UJUSAIHJ[VMa^|}aq~[\V]|a4O*|HA7^A@{aAI^V][\AIUSKnOJ|}VMaHI 2 O
KM?BVMLa4OSH¨OSVB_@VMaHJ|^A@UK0aAPO|OJ<VMaRV]aAE[}K]_PA¦<V4HA!Kn}qMAIkU`K|HOJ<A¦[USV^L_OVM¤OS<A!Kn}qMA@kUSK]H
VMOS<A!VMUS|q]|a\KnaAPO
!¨V]a_PAIUJa|}aqOJ<A
VMUS?BA@UE[\V]|a4O¦¨AdOJ<#LHE<K(jMAdOJV~AIHOSKnk|H<gOJ<A0A	4L|}j.Kn}A@a_@AdkAPO*A@AIaOJ<AdV]
}V.|}aq0K]HJHJA@UJOJ|}VMa\H@
C]
M w Pre(u)
Kna\^
M ′ = (M 	 Pre(u))⊕ Post(u)l
M ′ w Post(u)
Kna^
M = (M ′ 	 Post(u))⊕ Pre(u)f
M w Pre(u) 	 M ′ w Post(u)
Kna^
M 	 Pre(u) = M ′ 	 Post(u)ªVMU=OJ<\K.OZ[LUS[V]HJAEA¦UJA_@KMOS<A!A	4L|}j.Kn}A@a_@AB¡ l  ]£
a w b⊕ c ⇔ a w b
Kna^
a	 b w c
<|}_`<Kn}V.ZHLHOJV7_PV]a_P}L^A¦OS<K.O
[M ′ w (M 	 Pre(u))⊕ Post(u)] ⇔ [M ′ w Post(u)
Kna^
M ′ 	 Post(u) wM 	 Pre(u)]
<|}_`<|}aOJLUSa|}a_PV]a.W*La_POJ|}VMa|OS<
[(M 	 Pre(u))⊕ Post(u) wM ′] ⇔ [M ′ 	 Post(u) vM 	 Pre(u)]
OS<K.O|OSHJA@|}H¨KnaB|}aH*O`Kna_@AVn_PV]a^|OJ|}VMa¡Ôl f4£[USV.jMAIH¤OS<AZA	4L|}j.Kn}A@a_@Ak\A@O*¨AIA@a7KMHSHJA@UJOJ|}VMaH¡C£Kna\^
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M [u]M ′
OJ<A7USA@K.OS|V]a
q]|j]A@ak#RKna#RVnOJ<A7OS<USA@AKMHSHJA@UJOJ|}VMaHEOS<K.OA7<K(jMA7[UJV.j]AI^OSVkA7A	4L|}j(KMAIa4OIAUSAI_IKn}OJ<A
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|^AIa]OS|OS|AH
Pre(ε) = Post(ε) = 0
Pre(uv) = Pre(u)⊕ (Pre(v) 	 Post(u))
Post(uv) = (Post(u)	 Pre(v)) ⊕ Post(v)
A^A^L_@AOJ<KnO
M [ε]M ′ ⇔ M = M ′ ⇔ M [ε〉M ′
<A@USA
ε ∈ T ∗
|HOJ<AA@?B[O*R
VMU`^=Kna^:k#R6^AP{a|OJ|}VMa
M [t]M ′ ⇔ M [t〉M ′
VMU
t ∈ T
KMa#R,OJU`Kna\H|OJ|}VMa 2 OUJAI?7Kn|}aH0OJV
[UJV.j]A7OJ<KnO
M [uv]M ′ ⇔ ∃M” · M [u]M”
Kna^
M”[v]M ′
|}aVMU`^AIUdOSVgkAKMk}AOJV^A^L_PA
OS<K.O
{M [u]M ′ | u ∈ T ∗}
|HOS<AOJU`KnaHJ|OS|j]Ag_P}V]HJLUSAVn!OS<AA@}A@?BA@a4OSKMUJR6OJU`Kna\H|OJ|}VMa USA@K.OS|V]a
{M [t〉M ′ | t ∈ T}
Kna\^OJ<KnOE|O!_PVMa\HA ]LA@a4OJ}R_@VM|}a_P|^AHQ|OJ<
{M [u〉M ′ | u ∈ T ∗}
¦ªV]UQOS<K.O
[LUJ[V]HJAM}APOZL\H=VMkHJA@USjMAOJ<KnO
(0,M)⊗ (Pre(u), P ost(u)) = (Pre(u)	M, (M 	 Pre(u))⊕ Post(u))
KMa^OJ<#LH
M [u]M ′ ⇔ (0,M ′) = (0,M)⊗ (Pre(u), P ost(u))
¡¢¨A¦USAI_IKn}OJ<KnO
a w b ⇔ b	 a = 0
£ CR^A@{a|OJ|}VMaVn¤OJ<A!?7Kn[\H
Pre
Kna^
Post
VMaAE<\KMH
(Pre(uv), P ost(uv)) = (Pre(u), P ost(u))⊗ (Pre(v), P ost(v))
<|}_`<!Kn}}V.ZHLHOJVZ_@VMa_@L\^AMVMaEOJ<AkKMHJ|HVn4OJ<A¨KMHSHV_P|K.OS|j#|O*RVn
⊗
@OS<K.O
(∃M” ·M [u]M”
KMa^
M”[v]M ′) ⇒
M [uv]M ′
 2 aVMU`^A@UQOJVAIHOSKMk|HJ<OJ<A0_@VMa#jMAIUSHJAd^|}UJA_OS|V]ag|OEUSA@?7Kn|}aHQOJVjMAIUJ|ROJ<KnO
M [uv] ⇔
M [u]
Kna\^
M ∗ u[v])
<AIUJA
M ∗ u
HOSKMa^HVMU
(M 	 Pre(u)) ⊕ Post(u)
Kna\^ <AIUJA
M [u]HOSKMa^HV]U
∃M ′ · M [u]M ′
OS<K.O|HOJV HSK(R
M w Pre(u)
 CR ^AP{a|OS|V]a VM
⊗
VMaA<K]H
M [uv] ⇔ M w Pre(uv) = Pre(u) ⊕ (Pre(v) 	 Post(u))
=<|_`< k#R«¡Ôl  M£d|H7A ]L|j.K.
}A@a4OEOJV
[M w Pre(u)
x 8¤µ
M 	 Pre(u) w Pre(v) 	 Post(u)]
<|_`<|}aOSLUSak#RKM^.W*La_OS|V]a
¡¢A	4LKnOJ|}VMagl Y4£|}HA	4L|}j.Kn}A@a4OZOJV
[M w Pre(u)
x 8uµ
(M 	 Pre(u)) ⊕ Post(u)) w Pre(v)]
|Ô AM
M [u]M ′
x 8uµ
M ∗ u[v]
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L{}A^dk#R
TA@OJUS|Kn}qMAIkUSK]HHVEOS<K.OAZ_@KMaB[}K(RdOJ<A=OSVM]A@aBq]KM?0AZKMa^
OJ<AQUJAHLOJ|}aq¦{US|}aq¦UJL}AZ|HKMHSHJV#_@|}KnOJ|}jMA]
;¤VHL? L[OJ<AIHJA0HOJUSL_OSLUSAIHEKnUSA0^L\KnHVM¨_PV]?B?dLO`K.OJ|}jMA
UJAH|^LKnOJA^K.OOS|}_@AIHE<V4HA0?BA@APO!Kna\^
W*V]|a\HQKnUSA!qM|}jMAIak4R~OJ<AVMUS?dL}K]H
a t b = a 	 (a	 b)
Kna\^
a u b = b⊕ (a 	 b)
Z¥V]UJAIV.jMA@U=OS<|H
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K.OJOJ|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(A,⊕, 0)

  ) 	 	   A   1-
(A,t,u)
 	  &   (
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0 v a

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GenPetri ≈ Lex (R)
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Petri = Lex(Z, 1)  GenPetri
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(0,0)
b
(1,−1)
p’
(1,0)
q’
(1,0)
(1,0)
(0,1)
(0,1)
(0,1)
(0,1)
(0,1)
(0,1)
(0,1)
(0,1)
(0,1) (1,0)
(1,−1)
(0,1)
(0,1)
 <$&-
! )*    Z§ }APN|_PV]qMU`Kn[<|_TAPOJUS|QaAPO~A 4L|j.KMAIa]OOJVOS<AgTAPOSUJ|aAPO|OS<
|}a<|}k|OJVMUZKMUS_IHVnª¤|}q f©l
b
(0,1)
(1,0)
(1,0)
(0,1)
a
 <$&-
! )*    Q§ }APN|}_@VMq]USKM[<|_dTAPOSUJ|aAPOd|OJ<aVA	4L|}j(KMAIa4OTuA@OJUS|aA@Od|OS<
|}a<|}k|OJVMUZKMUS_IH
5&69D587
 
	  lMf
Y ,
!  *  * )%
Y\C] =0´ 
8uµ ° µ 8 ° vtBxtIt ´ y /¢xv ° µ ³ /v.- +² x , 0 ° s¤w.xt 3E§ aA@OZ|}H=kVMLa^AI^|uA!_@KMa{a\^~KMa
L[[\AIUkVMLa^V]aOJ<A7[V]HSH|}k}A7j.Kn}LAIH!VM[}K]_PAIH|aKna#RKM_@_@AIHSH|}k}AB?BKMUJ#|}aq  APOdL\HH*O`KnUJOVMLU
HOJL\^RVMaOS<AKn}qMAIkUSKM|K.OS|V]aVn¤OJ<A^R#aKM?B|}_¦VM¤kVMLa^AI^aAPO`Hk#R7OJ<A¦VM}V.|}aq0VMkHJA@USj.K.OJ|}VMa
7 w ´
	´ t/¢v/ ´ 8 343,	/&        	      1     A
 	 	     -  
 <    XL[[V]HJAdKBk\V]La^A^Kna^aVMaOJUS|j#|Knu_PVM?B?
LOSKnOJ|}jMA¦TAPOJUS|¤KMq]A@kU`KA@O
∞ 6= 0
HOSKMa^~VMU
|OSHZqMUSAIK.OSAIHOAIAI?BA@a4OI  aA¦<K]H
C]
∞ 	∞ = 0
kAI_IKnLHJA?BVMUSABqMA@aA@U`Kn}RgUJV]?
x 	 x v 0 ⇔ x v 0 ⊕ x = x
|OdVM}V.ZH
x	 x = 0

l
∞	 0 =∞
k\A_@KnL\HA
∞	 0 v x ⇔ ∞ v 0⊕ x = x

f
∞⊕ x =∞
k\A_@KMLHA
∞⊕ x w y ⇔ ∞ w y 	 x

Y\
x	∞ = 0
k\A_@KnL\HA
x	∞ v y ⇔ x v y ⊕∞ =∞

;=<AIaOJ<Ad|^A@a4OJ|O*R
(a ⊕ b) 	 b = a
|HZaVMOEHSK.OJ|H{AI^V]U
a = b = ∞
H|}a_@A!OJ<A
A@9O®<Kna\^H|^A
AIj.Kn}LK.OSAIHOJV
0


QV.¨AIjMA@U¦A0_IKnaA@aV]US_@A
kVMLa^AI^aAIHSH¦k#R?BV#^|R#|}aqOJ<A7USL}A0VMOS<A0OJVM]A@aq]KM?0A]  APO!LH
_@VMaHJ|^A@U{U`H*OEOJ<A7_IKMHJAdVnOJ<ABLHJLKnTAPOSUJ|aA@OSH(EK]HJHJL?BAOS<K.O!AKM_`<[KM_@A
p ∈ P
|}H¦KMHSHJV#_@|}KnOJA^
|OJ<K~_IKn[K]_P|O*R
kp ∈ N
KMa^OS<K.O¦¨A0=Kna4OQOSV~AIaVMU`_PAdOJ<KnOOS<A
j.KMLA0VnK[KM_@A
p
VnK~TAPOJUS|
aAPOQkAkVMLa^AI^k#R~KMk\V.j]AEk#R|O`HZ_@KM[KM_@|O*R
kp
=ªVMUZOJ<KnOQ[LUS[\V4HA!A!?BV^|R~OJ<A!{US|aq7USL}AdKMH
V]}V.ZH¦¡<AIUJAKM_@VM?B[LO`K.OS|V]aHKnUSA[A@UJVMUS?BAI^~|a
Z
£
M [t〉M ′ ⇔ ∀p ∈ P
{
M(p) w Pre(p, t) ∧ (M(p)− Pre(p, t)) + Post(p, t) v kp
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VMUOJ<A0[USV^L_O.(
0 • x = 0

¡¢f]£
(I, •, k)
|}HBKMa6KnkA@}|Kna,?BVMaVM|^,<V4HALa|O
k
|H0KMa6KMkHV]UJk|aqgA@}A@?BA@a4O0VMU0OJ<AHJL? (
k  x = k

¡Y4£~hZAIq]KnOJ|}VMa|}HKna|}a4j]VM}LOJ|}VMa¡
¬¬x = x
£ZHL_`<OS<K.O
k = ¬0
¡¢<A@a_@A
0 = ¬k
£KMa^
x • y =
¬(¬x  ¬y)
¡<AIa_PA
x y = ¬(¬x • ¬y)
£
¡ÔeM£
x v y ⇔ (x→ y) = k ⇔ (x	 y) = 0¡   £
•
|HK
USAIHJ|^LK.OSAI^~?BVMaV]|}^(
x • y v z ⇔ x v y → z¡  n£

|}HKB_PVM USAIHJ|^LK.OSAI^?0V]aVM|^(
x y w z ⇔ x w z 	 y¡¢p]£
(y → z) = z  ¬y
KMa^
z 	 y = z • ¬y¡  ]£
x t y = (y → x)→ x = (x→ y)→ y = x (y 	 x) = y  (x 	 y)¡CIm]£
x u y = x • (x→ y) = y • (y → x) = x	 (x	 y) = y 	 (y 	 x)XL_`<KHOJUSL_POJLUSAB|}H!_IKn}A^KMa¥­ZÎKn}qMA@kUSK0¥­Q®KMq]A@kU`KMH¦KMUJABqMAIaA@U`Kn}|}IK.OS|V]aHVn=k\V#VM}AIKMaKM
q]A@kU`KMHELHJAI^|}aOJ<AKMq]A@kU`Kn|_0KnaKMRHJ|}H¦VM  L.KMHJ|AI_@0|}a{a|OSAP®j(KMLAI^[USVM[V]HJ|OS|V]aKn}VMq]|}_BKna\^
OS<|H_PKMHSHBVn!Kn}qMAIkUSK]HBKM^?B|OSHHJA@j]A@U`Kn=A	4L|}j.Kn}A@a4O^AP{\a|OS|V]aH  #ZC(l®«ªV]U7|aHOSKMa_PAKMa¥­Z
KMq]A@kU`KB|HKk\V]La^A^g_PV]?B?dLO`K.OJ|}jMAdUJAH|^LKnOJAI^K.OJOJ|_PA¡
x • y v z ⇔ x v y → z
£QHL_`<OJ<KnO
x t y = (y → x)→ x
§Qa¥­ZÎKn}qMA@kUSKd|}HKM}HJV
KMaKMk\AI|Kna~?0V]aVM|^
(A, •, 1)
OSVMqMA@OJ<AIU=|OS<KMa
|}a#jMV]LOS|V]a
¬ : A→ A
HJL_`<OS<K.OZ|¤A¦A@O
x y = ¬(¬x • ¬y)

0 = ¬1
Kna\^
(x→ y) = ¬x yOS<A@a
x • 0 = 0
KMa^
(y → x)→ x = (x→ y)→ y

?° 89/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13 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|HdKHOJUSL_POJLUSA
N = (P, T, Pre, Post, M0)
<AIUJA
P
|HdK
{\a|OSAgHJAPOVM¦[}K]_PAIH|OS< Kna ¥­Q®KMq]A@kU`K
Ap
K]HJHJV_P|K.OSAI^:|OS<AIK]_`<:[}K]_PA
p ∈ P
¡9OS<ALa|O
kp
VM
Ap
|H_IKn}A^6OJ<Ag_IKn[K]_P|O*R,Vn![KM_@A
p
£P
T
|HK{a|OSAgHA@OVn¦OJU`Kna\H|OJ|}VMaH^|}H¢W*VM|}a4O7UJV]?
P
=Kna\^
Pre, Post : P × T →
⊔
p∈P Ap
OJ<AV.¬USA@K.OS|V]aHI¨KnUSAHL\_`<6OS<K.O
∀p ∈ P ∀t ∈
T Pre(p, t), P ost(p, t) ∈ Ap
§b?7KnUS#|aq0|HZKB?7Kn[
M : P →
⊔
p∈P Ap
OJ<\K.OQKMHSHJV#_@|}KnOJAH¨|OJ<
AKM_`<[KM_@A
p ∈ P
OJ<A}V_@KMj.Kn}LAdVMOJ<A0_PLUSUJAIa4O_PV]a{qMLUSKnOJ|}VMa
M(p) ∈ Ap
|aOS<|HQ[KM_@AM
M0|HEHV]?0Ad{NAI^g?BKMUJ#|}aq_@KM}AI^OJ<A 8         8M;=<AdOJU`KnaHJ|OS|V]aUSA@K.OJ|}VMa
M [t〉M ′
H*O`K.OS|aq
OS<K.OOSUSKMaHJ|OS|V]a
t
_@KMa{UJA!|}a?7KnUS#|aq
M
Kna^}AIKM^H@<A@a|OQ|}H{UJA^OSV7OJ<A!aA@ ?7KnUS4|}aq
M ′|H=qM|}jMAIa~k#R(
¡¢Y}C£
M [t〉M ′ ⇔ ∀p ∈ P
{
Pre(p, t) vM v Post(p, t)→ Pre(p, t)
M ′ = (M 	 Pre(p, t))  Post(p, t)
;=<|}H7USA@K.OS|V]a:_IKna:k\AA@N#OJA@a\^AI^ |}a^L_POJ|}jMAIROJVHA 4LA@a_@AIH
u ∈ T ∗
VMOSUSKMaH|OJ|}VMa\HBk4R6A@OOS|aq
M [ε〉M
VMU7AIjMA@USR?7KnUS#|aq
M
Kna\^
M [t · u〉M ′
|¦Kna^6VMaR,|EOJ<AIUJAAPN|H*O`H7HV]?BA~?7KnUS#|aq
M ′′
HJL_`<OS<K.O
M [t〉M ′′
Kna^
M ′′ [u〉M ′
V]UEAIjMAIUJR
t ∈ T
Kna^
u ∈ T ∗
B;=<ABHA@O¦VM+    
    8 |}H
Reach(N ) = {M | ∃u ∈ T ∗ M0 [u〉M}
]Kna\^dOS<A     8    7VnKEk\V]La^A^BaAPO
N = (P, T, Pre, Post, M0)
|}HOJ<A7KnkA@}}AI^qMU`Kn[<
ΓN = (V,Λ, v0)
<V4HAHJAPOVM=j]A@UJOJ|_PAH¦|}H
q]|j]A@ak#R7OJ<A
HA@O
V = Reach(N )
VMuUSAIK]_`<Knk}AE?BKMUJ#|}aq]H|OJ<
v0 = M0
Kna^~<V4HAHJAPOVnKnU`_@H
Λ ⊆ V × T × V
|}HOS<A¦UJAH*OSUJ|_OS|V]aVn¤OJ<AEOSUSKMaH|OJ|}VMa~UJAI}KnOJ|}VMaOJV
OJ<A!HJAPOVnuUJAKM_`<KMkAQ?BKMUJ#|}aq]H(
Λ = {(M, t,M ′) |M, M ′ ∈ V ∧ M [t〉M ′}

;=<A¦kV#VM}AIKnaKn}qMAIkUSK
2 = {0, 1}
|H=Kna¥­ZÎKn}qMAIkUSKd<A@USA
x y = x t y
Kna\^
x • y = xu y 	 APO
P
kAOJ<AZHJAPO¨Vn[}K]_PAHVnK¦aA@OKna^
B = 2P = ℘(P )
OS<AQ_PV]UJUSAIHJ[VMa^|}aqE[USV#^L_OHOJUSL_OSLUSAM
5&69D587
 
	  l]e
OS<A![USAI_@AI^|}aq
{UJ|}aqBUSLA_IKnak\A!USAPV]UJ?
LK.OJA^K]H(
M [a〉M ′ ⇔ M ⊇ Pre(a) ∧ M ∩ Post(a) ⊆ Pre(a) ∧ M ′ = (M \ Pre(a)) ∪ Post(a)
<|}_`<|HOS<AdLHJLKM{US|aqUJLAVMVMaA
HJKnAaAPO`H@ 2 AUSA@[KM_@A¦OJ<A
k\V#V]AKnaKn}qMAIkU`K
2 = {0, 1}k#ROJ<A
|a4OJAIUJj.KM
[0, 1]
VnOJ<A
KM^^|OJ|}jMA!q]UJV]L[VnUSAIKna4L?dkA@U`H@\|Ô AM|OS<
x  y = min(1, x+ y)KMa^
x • y = max(0, x+ y− 1)
OS<A@a~¨AVMkO`Kn|}a7OJ<A{US|aqdUSLAVn¤HJVM?BA4|}a^VnVMaAHSK.A;& LI@R &
aAPOSH (
M [a〉M ′ ⇔ ∀p ∈ P
{
Pre(a, p) vM(p) v Pre(a, p) + 1− Post(a, p)
M ′(p) = min(1,M(p) + Post(a, p)− Pre(a, p))
Y\ l 4 ´ 
 	 , ° 
 ° 8vIxw ± 	 ,Ôxy ° t 3¥La^|_P| C(l[USV.jMAI^~OS<K.O!¥­ZÎKn}qMAIkU`KMHZ_@VM|}a_P|^Ad|OJ<
[0, k]|}a4OJAIUJj.KnHVnKMk\AI|Kna K.OOS|}_@AP®VMU`^A@USAI^ qMUSVML[H<A@USA
k
|}HKH*OSUJV]aq La|OI ¥VMUSA[USAI_P|HJA@}R |
(G = G,+, 0)
|}HKMa!KnkA@}|}KMaEK.OJOJ|_PA@ V]US^AIUJA^Qq]UJV]L[E|OS<H*OSUJV]aq=La|O
k
OJ<AIa
Γ (G, k) = (A,, 0, •, k,¬)<A@USA
G = [0, k] = {x ∈ G | 0 v x v k}

x  y = (x + y) u k

x • y = ((x + y)− k) t 0
\KMa^
¬x = k − x
|}HKMa~¥­Q®KMq]A@kU`KdHJL_`<~OJ<KnOOS<A¦UJAH*OSUJ|_OS|V]aVMOJ<A!VMU`^A@UUJAI}KnOJ|}VMa~VnOS<A¦qMUSVML[~VMa
OS<ALa|O|}a]OSA@USj.Kn
[0, k]
_@VM|}a_P|^AH|OJ<OS<AV]US^A@UUSA@K.OS|V]a!VnOS<A¥­ZÎKn}qMA@kUSK (
x v y ⇔ x	y = 0¡¢<A@USA
x 	 y = x • ¬y = (x− y) t 0
£¥VMUSA@V.jMAIU
Γ
A@N#OJA@a\^H|}a]OSVKnaA	4L|}j.Kn}A@a_@A!k\A@O*¨AIA@aOJ<A
USAIHJ[AI_OS|j]A¨_IK.OJAIqMV]UJ|}AIH¤Vn\KMk\AI|Kna
}KnOOS|}_@AP®VMU`^A@USAI^!q]UJV]L[H¤|OS<0HOJUSVMaqLa|OKna\^d¥­Q®KMq]A@kU`KMHI(|Ô AM
Γ
|a\^L_PAH¨Kk| W*A_OS|j]AE_@VMUSUJAH[VMa^A@a_@Ak\A@O*¨AIA@a|HV]?BVMUS[<|H? _PKMHSHAHVnKMk\AI|Kna}KnOOJ|_PA@ V]US^A@USAI^
q]UJV]L[H|OS<HOJUSVMaqLa|OKna^g|}HJVM?BV]UJ[<|}HJ? _PKMHSHAHVM¨¥­Q®KMq]A@kU`KMHI!hZV. A
<\K(jMABHAIA@aOS<K.O
TA@OJUS|KMq]A@kU`KMHE_PV]UJUSAIHJ[VMa^Hk| W*AI_POJ|}jMA@}RML[gOSV|HJVM?BVMUS[<|H?OJVOS<AB[\V4H|OJ|}jMAB_PV]aAIHEVnKnkA@}|}KMa
K.OJOJ|_PA@ V]US^AIUJA^qMUSVML[HI¨A!OS<#LHQ<\K(jMAdKTuA@OJUS|uKMq]A@kU`K7_@KMaVMa|}_IKn}RKMHSHV_@|}KnOJAI^|OJ<AIK]_`<¥­Z
KMq]A@kU`K;=<AdVM}V.|}aqUSAIHJLOHJ<V.ZHOS<K.Ok#RLHJ|aq~_PVM?B[}A@?BAIa]O`KnUSR~[}K]_PAIHI¨Ad_IKnaHJ|?
LK.OJA
K0kVMLa\^AI^TAPOSUJ|aA@OZk#R~K0qMAIaA@U`Kn}|IAI^TuA@OJUS|aAPOQ^AP{aA^VMaOJ<AK]HJHJV_P|K.OSAI^TA@OJUS|Kn}qMA@kUSK]H@
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¡¢Y©lM£
b v ¬a v b c ⇒ (a b) • c = (a • (c b))  (b • c)
 <    X|a_@A=A@jMAIUJR!¥­Q®KMq]A@kU`KZ|HK¦HLk^|}USAI_O[USV^L_POuVMOJVMOSKM}RVMU`^AIUJA^¥­ZÎKn}qMAIkU`KMH¤¨A=_@KMa
K]HJHJL?BA|OJ<V]LO¦V4HJHVnq]A@aAIUSKM|O*ROS<K.OOJ<A0qM|}jMAIag¥­Q®KMq]A@kU`KB|}HQOJVMOSKM}RVMU`^A@USAI^!¨VMa^|OS|V]a
b v ¬a
|HA	4L|}j.Kn}A@a4OOJV
a• b = 0
|  A]
a+ b v k
|}a7OS<AZLa^A@USR#|}aq!qMUSVML[ !¨V]a^|OJ|}VMa
¬a v b c|H=A	4L|}j.Kn}A@a4O=OJV
a b c = k
|Ô AM
a+ b+ c w k
|}aOJ<A!La\^A@USR#|}aqBqMUSVML[ a~OJ<A!VMaA¦<KMa^
(a b) • c = ((a+ b) u k) • c = (a+ b) • c = (a+ b+ c− k) t 0 = a+ b+ c− k
 a~OJ<A!VnOJ<A@U<KMa^
a • (c b) = a • [(c+ b) u k]
= (a+ [(c+ b) u k]− k) t 0
=
{
a
|
c+ b w k
a+ c+ b− k
|
c+ b v k
KMa^
b • c = (b+ c− k) t 0 =
{
b+ c− k
|
b+ c w k
0
|
b+ c v kKMa^OJ<#LH
(a b) • c = (a • (c b))  (b • c)
K]HUJA ]L|USAI^
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UJV]? kVMLa^AI^aAPO`H=OJVBq]A@aAIUSKM|}@A^TAPOSUJ|aAPOSH
;=<AKMk\V.j]A[UJV][\AIUO*R?7K(R7kA!UJAI[<U`KMHJAI^~KMH (
¡¢Y f]£
b v ¬a v b ¬c (= c→ b) ⇒ (a b)	 c = (a	 (c	 b))  (b	 c)
KMa^OJ<#LH0Kn[[\AKnU`HKMH
K¨AKn]A@a|}aqVnZA ]L\K.OJ|}VMa ¡ l p]£¦<|}_`<AIaHLUJAH!OJ<AKMHSHV_@|}KnOJ|}j4|O*RgVMOJ<A
{\UJ|}aqBUJLA¦VnuqMAIaA@U`Kn}|IAI^~TAPOJUS|aA@OSHI
 <    d¡¢Vn¤;=<A@VMUSA@?Y\ f4£;=<AOJU`Kna\HK.OS|V]a7Vn¤K
k\V]La^A^aA@O
N
|a4OSV0KMaA	4L|}j.Kn}A@a4O¨q]A@aAIUSKM|}@A^
TA@OJUS|aAPO
N
4|}}LHOJU`K.OSAI^|aª¤|}q¡¢Y}C£_@VMaHJ|}HOSH¨|}a~HJ[|OOS|aq
AIjMA@USR0[}K]_PA
p
|OJ<|}a|OJ|Kn?7KnUS#|aq
m ∈ Ap
VMOJ<A¨kVMLa\^AI^daAPOu|a4OJVO*VZ[KM_PAH¤^A@aVMOJAI^
p
KMa^
p′
|OJ<
|a|OJ|Kn#?7KnUS#|aq]H
m ∈ (Gp)
+
KMa^
kp − m ∈ (Gp)
+ USAIHJ[AI_OS|j]A@}R<A@USA
(Gp, kp)
|}HdOJ<A}KnOOS|}_@AP®VMU`^A@USAI^KnkA@}|KnaqMUSVML[|OJ<
HOJUSVMaq
La|OQK]HJHJV_P|K.OJA^|OJ<OS<A!¥­ZÎKn}qMAIkUSK
Ap ' Γ (Gp, kp)
 2  A]VMaA¦<K]H
Pre(p, t) = Pre(p, t)
Post(p, t) = Post(p, t)
Pre(p′, t) = Post(p, t)	 Pre(p, t)
Post(p′, t) = Pre(p, t)	 Post(p, t)
ªu|}USHO¦VMaA0<KMH
x v m v y → x = ¬y  x
|=Kna^gVMa}R|
m w x
KMa^
¬m w y • ¬x = y 	 x 	<A@a_@AOJU`Kna\H|OJ|}VMa
t
_@Kna{UJA
|a?7KnUS4|}aq
M
|}a
N
|¨KMa^VMaR|OJ<A0<V]?0V]a#R4?BV]LHOSUSKMaH|OJ|}VMa
t_IKna7{\UJAE|a
N
|}aOJ<A?7KnUS#|aq
M
HJL_`<OS<K.O
M(p) = M(p)
Kna^
M(p′) = ¬M(p) = kp−M(p)
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